A number of N = 2 gauge theories can be realized by brane configurations in Type IIA string theory. One way of solving them involves lifting the brane configuration to M-theory. In this paper we present an alternative way of analyzing a subclass of these theories (elliptic models). We observe that upon compactification on a circle one can use a version of mirror symmetry to map the original brane configuration into one containing only D-branes. Simultaneously the Coulomb branch of the four-dimensional theory is mapped to the Higgs branch of a five-dimensional theory with three-dimensional impurities. The latter does not receive quantum corrections and can be analyzed exactly. The solution is naturally formulated in terms of an integrable system, which is a version of a Hitchin system on a punctured torus.
Introduction
In the last few years a lot of effort has been invested into studying moduli spaces of vacua of supersymmetric gauge theories. This problem is quite nontrivial when the theory in question is strongly coupled in the infrared. It is remarkable that nevertheless a complete solution has been found for a large number of N = 2 gauge theories using various techniques. In particular, in Ref. [1] the structure of the Coulomb branch of theories with product gauge groups SU(n 1 ) × SU(n 2 ) × . . . × SU(n k−1 ) has been analyzed. The idea is to realize the gauge theory as a low-energy theory on a configuration of branes in IIA string theory. To this end one considers an array of k parallel NS5-branes extending in the x 0 , x 1 , x 2 , x 3 , x 4 , x 5 directions and having coincident positions in the x 7 , x 8 , x 9 directions. Then one suspends n α parallel D4-branes between the α th and α + 1 st 5-branes, so that the world-volume of D4-branes is extended in the x 0 , x 1 , x 2 , x 3 , x 6 directions. (One can also include D6-branes, but we do not consider this possibility here). Since the extent of this configuration in the x 6 direction is finite, the low-energy theory is a four-dimensional gauge theory living in the x 0 , x 1 , x 2 , x 3 plane. It can be checked that this arrangement of branes leaves eight supersymmetries unbroken, so we get at least N = 2 supersymmetry in d = 4. Naively, the gauge group appears to be U(n 1 ) × U(n 2 ) × · · · × U(n k−1 ) with matter hypermultiplets in the bifundamental representation (i.e. the hypermultiplets transform as (n 1 , n 2 ) ⊕ (n 2 , n 3 ) ⊕ · · · ⊕ (n k−2 , n k−1 ).) The hypermultiplets come from open strings connecting neighboring stacks of D4-branes. A more detailed analysis [1] shows that the center-of-mass motion of these stacks is "frozen out", in the sense that the x 4 , x 5 positions of the centers-of-mass are parameters of the Lagrangian rather than dynamical fields. As a consequence the gauge group is actually SU(n 1 )×SU(n 2 )×· · ·×SU(n k−1 ). It is convenient to combine the x 4 , x 5 coordinates of the center-of-mass of the α th stack into a complex number v α = x 4 α +ix 5 α . Then the bare mass of the α th hypermultiplet is given by v α+1 − v α .
In order to solve for the Coulomb branch of this theory, one lifts the brane configuration to M-theory. If the IIA string theory is strongly coupled, the radius of the M-theory circle (whose coordinate we will call x 10 ) is large. In this case the IIA brane configuration lifts to a single large smooth 5-brane with worldvolume R 1,3 × C. Here R 1,3 has coordinates x 0 , x 1 , x 2 , x 3 , and C is a Riemann surface holomorphically embedded in C × C * with coordinates v = x 4 + ix 5 , t = exp(x 6 + ix 10 ). The moduli of the field theory translate into the moduli of the embedding C → C × C * . Of course, the embedding is not arbitrary: one must require that upon forgetting x 10 the M-theory 5-brane project back to the correct IIA configuration. To solve the model one has to find a holomorphic family of embeddings satisfying this constraint and depending on the right number of parameters.
Another way of solving N = 2 gauge theories is based on their relation to complex integrable system [2, 3, 4] . We will explain the precise meaning of this statement in the next section. For now it suffices to say that a complex integrable system can be thought of as a complexification of an integrable system of classical mechanics, and that the solution of every N = 2 gauge theory is encoded in some complex integrable system. Therefore one can try to match the known integrable models with particular N = 2 gauge theories. The first success of this approach was the observation of Ref. [3] that an affine Toda chain associated with a simple group G provides a solution for the N = 2 gauge theory with gauge groupĜ (the Langlands dual of G) and no hypermultiplets. Soon after that the SU(n) Hitchin system [5] on a torus with a single puncture was shown to give a solution of the SU(n) gauge theory with a massive adjoint hypermultiplet [4] . Some other matches were suggested in Ref. [6] .
It is natural to ask about the relation between the two approaches. An answer suggested in Ref. [1] is that a family of embeddings of a Riemann surface C into C × C * can be thought of as an integrable system too, namely the integrable system of Donagi-Markman type [7] . Thus every model solved in Ref. [1] is matched to an integrable system. We do not consider this a completely satisfactory answer, however. Indeed, in the cases where both approaches are applicable, the solutions seem totally different, and some effort is required to see that they are equivalent. For example, the fact that the solution of the SU(n) theory with a massive adjoint hypermultiplet can be represented by a Hitchin-type system looks like a miracle from the point of view of M-theory.
In this paper we would like to address this problem by suggesting a new method of solving N = 2 gauge theories.
1 The starting point is again the brane configuration of Ref. [1] , but with x 3 compactified on a circle. Thus we will be studying N = 2 gauge theories on R 1,2 × S 1 . For technical reasons we will consider only elliptic models, i.e. those with x 6 direction compactified as well. However, it will be clear from the derivation that the method can be applied more generally. Thus the gauge theories we are solving are finite and have gauge group SU(n) 1 × SU(n) 2 × · · · × SU(n) k × U(1) and matter in the bifundamental. The gauge group and the matter content of this theory can be encoded in an affine A k−1 quiver. It turns out there is a version of mirror symmetry (in the sense of Ref. [9] ) which maps the Coulomb branch of the original ("electric") theory to the Higgs branch of a certain five-dimensional "magnetic" theory on R 1,2 × T 2 , with three-dimensional impurities localized at points on T 2 . The Higgs branch does not receive quantum corrections and can be analyzed exactly. This yields a solution of the original problem, for any compactification radius. An interesting feature of this approach is that the solution is automatically encoded in a Hitchin-type integrable system. Thus, at least for the class of models considered in this paper (elliptic models), the corresponding Donagi-Markman systems arise from Hitchin-type systems. In particular, we rederive the fact noticed in Ref. [4] that the SU(n) gauge theory with a massive adjoint is solved by an SU(n) Hitchin system on a punctured torus. Another spin-off of our approach is a new explanation of the "freezing" of U(1) factors in the d=4 gauge theories noticed in Ref. [1] .
In the next section we give a very brief summary of the relation between N = 2 gauge theories and integrable systems. In this we follow Ref. [4] . In section 3 we discuss the mirror transform alluded to above. The analysis of the Higgs branch of the "magnetic" theory is presented in section 4. There we also compare our solution with that obtained in Ref. [1] . Some idiosyncratic remarks are collected in section 5.
N=Gauge Theories and Integrable Models
In this section we remind the reader the relation between low-energy Lagrangians of N = 2 gauge theories and integrable models of classical mechanics [4] . Consider an N = 2 gauge theory with gauge group G of rank r and matter hypermultiplets. The Coulomb branch of the theory U is a special Kähler manifold of complex dimension r. As a complex manifold, U is a copy of C r . The special Kähler metric is encoded in a holomorphic function F on X, the prepotential. This function is multi-valued, however, so it is desirable to give a description of the metric in more invariant terms. To this end one considers a fibration π : X → U, where X is a complex manifold of dimension 2r and the fibers of π are Abelian varieties A r of dimension r. (In other words, A r is a complex torus together with a (1, 1)-form t (polarization) which is positive and has integral periods). We will call the fibration π : X → U the Seiberg-Witten fibration. One also needs a closed holomorphic (2, 0)-form ω on X whose restriction to the fibers of π is zero. Together these data define a metric on U in the following manner: one takes the (r+1, r+1)-form t r−1 ∧ω∧ω and integrates over the fibers of π; this yields a (1, 1)-form on U which is the Kähler form of the metric we are after. An additional physical requirement is that this metric be nondegenerate away from singular fibers of π. This is achieved by asking that ω be nondegenerate away from the singular fibers.
So far we described how the fibration π : X → U together with ω define a Kähler metric on U and therefore the low-energy effective action for massless scalars. The low-energy theory of the Coulomb branch also contains r photons. To define their action one needs to specify the "τ -parameter", i.e. an r × r matrix which is a holomorphic function on U whose imaginary part is positive-definite (away from singular fibers). The "τ -parameter" encodes the gauge couplings and theta-angles of the photons, and because of electricmagnetic duality it is defined up to Sp(2r, Z) transformations. Given the Seiberg-Witten fibration it is very easy to read off τ : at a point u ∈ U it is the complex structure of the fiber π −1 (u). One can think of X together with ω as a complex symplectic manifold, i.e. as a complexification of the phase space of some mechanical system with r degrees of freedom. Moreover, since the restriction of ω to the fibers of π is zero, any two functions on U Poisson-commute. Therefore the coordinates on U form a maximal set of commuting integrals of motion, and the corresponding mechanical system is integrable (it fulfills the conditions of Liouville's theorem). In other words, the coordinates on U are action variables, while the coordinates on the fiber A r are the canonically conjugate angle variables. Thus any N = 2 gauge theory corresponds to a certain complex integrable system of classical mechanics.
Compactification to Three Dimensions and the Mirror Transform
We start with the brane configuration considered in Ref. [1] : k NS5-branes located at x 7 = x 8 = x 9 = 0 and at x 6 = s 1 , . . . , s k and n D4-branes located at x 7 = x 8 = x 9 = 0 and worldvolume parametrized by
6 coordinate is taken to be periodic with period 2πL. Thus D4-branes are wrapped on a circle of radius L. Since D4-branes can end on NS5-branes, a stack of n parallel D4-branes can split at NS5-branes, producing k independent stacks of D4-branes. They can move in the (x 4 , x 5 ) plane, which we regard as a copy of C parametrized by v = x 4 + ix 5 . This is the Coulomb branch of the theory. (There is also a mixed Higgs-Coulomb branch corresponding to the situation when some or all D4-branes move off the x 7 = x 8 = x 9 = 0 plane, but we will not consider it here.) Let us denote the center-of-mass coordinate of the α th stack by v α . It was shown in Ref.
[1] that moving the center-of-mass of any stack in the x 4 , x 5 directions relative to other stacks costs an infinite amount of energy, therefore the relative center-of-mass coordinates m α = v α+1 − v α , α = 1, . . . , k are parameters of the theory rather than moduli. Consequently the low-energy theory on D4-branes is a d = 4, N = 2 theory with gauge group SU(n) 1 × · · · × SU(n) k × U(1). There are also k bifundamental hypermultiplets Q α , α = 1, . . . , k; Q α transforms as n with respect to SU(n) α and as n with respect to SU(n) α+1 . They are not charged with respect to U(1). These hypermultiplets arise from open strings connecting the adjacent stacks of D4-branes, therefore the bare mass of Q α is m α .
We now compactify x 3 on a circle of radius R. The theory becomes effectively 2 + 1-dimensional at energies lower than 1/R. Its Coulomb branch is a hyperkähler manifold X of dimension 4r = 4(kn−k + 1) with a distinguished complex structure in which it looks like a fibration π : X → C r with fibers being abelian varieties A r of complex dimension r [10] . Let us remind how this comes about. The picture is most clear when R is large compared to all field theory scales. One can then go to a low-energy limit in d = 4 and then compactify to d = 3. The r photons of the Coulomb branch in d = 4 reduce to r photons plus r scalars in d = 3. The scalars live in a torus whose size scales as 1/ √ R, as they originate from Wilson lines around the compact direction. Furthemore, r photons in d = 3 are dual to r compact scalars. Thus we get r more scalars also living on a torus of size of order 1/ √ R. If one uses the distinguished complex structure, these 2r real scalars can be thought of as r complex scalars taking values in a complex torus A r . One can show that in this distingushed complex structure the total space of the fibration X → C r is the same as the Seiberg-Witten fibration of the parent theory in d = 4. This result is most easily derived for large R; it is then true for any R, because the complex structure of X does not depend on R [10] .
Since X is hyperkähler, it also carries a complex symplectic (2, 0)-form ω 2 + iω 3 and a (1, 1) Kähler form ω 1 . For large R the periods of ω 1 evaluated on the 2-cycles of A r are proportional to 1/R, since the linear size of A r scales as 1/ √ R. Furthemore, the form ω 2 + iω 3 coincides with the form ω which was a part of the four-dimensional data [10] (see section 2).
We now wish to identify the Coulomb branch of our d = 3 theory with the Higgs branch of some "magnetic" theory. To this end we perform T-duality on x 3 , then IIB S-duality, and then again T-duality on x 3 . As a result the string coupling λ is mapped toλ = R 3/2 λ −1/2 , and
2 Notice also that after the dualities the modular parameter of the torus in the x 3 , x 6 directions becomesτ ≡L/R = L/λ. After the first T-duality NS5-branes become IIB NS5-branes. S-duality turns them into IIB D5-branes, and the second T-duality turns them into IIA D4-branes located at fixed x 3 , x 6 , x 7 , x 8 , x 9 . We will refer to them as D4 ′ -branes. To understand what happens with D4-branes, we consider the situation when D4-branes are not broken at the NS5-branes. This corresponds to the origin of the classical moduli space in the original ("electric") theory, where the Coulomb and Higgs branches meet. In this case it is easy to see that D4-branes are left unchanged by this sequence of dualities, i.e. they remain D4-branes wrapped around the T 2 parametrized by x 3 , x 6 . The D4 ′ -branes are localized at points of this T 2 . Thus the "magnetic" theory is a d = 5 theory on R 1,2 × T 2 with impurities localized at points on T 2 . At energies much lower than min(1/R, 1/L) it becomes a d = 3 theory. The gauge group of the "magnetic" theory is U(n), and, if not for the impurities, it would have sixteen unbroken supercharges. The impurites break half of supersymmetries and give rise to k fundamental hypermultiplets localized at points on T 2 . The hypermultiplets come from open strings connecting D4 and D4
′ -branes. Now we can understand how the flat directions in the "electric" and "magnetic" theories are matched. In the "electric" picture the Coulomb Figure 1 : After x 3 is reinterpreted as the M-theory circle, the "electric" D4-branes become D4-branes wrapped around x 6 and x 10 , while NS5-branes become D4
′ -branes localized in the x 6 , x 10 directions. Here the positions of the D4
′ -branes are shown as punctures on the T 2 parametrized by x 6 , x 10 .
branch was characterized by the fact that D4-branes could not move off in the x 7 , x 8 , x 9 directions. In the "magnetic" picture this occurs when fundamental hypermultiplets have VEVs, higgsing the gauge group. Thus the mirror transform maps the Coulomb branch of the "electric" theory to the Higgs branch of the "magnetic" theory. Conversely, the "electric" Higgs branch corresponds to the "magnetic" Coulomb branch.
Here is another way to describe this "mirror transform." We reinterpret the "electric" IIA brane configuration as an arrangement of branes in M-theory compactified on T 3 with coordinates x 3 , x 6 , x 10 . D4-branes are interpreted as M5-branes wrapped around T 3 , while NS5-branes lift to M5-branes wrapped around x 3 and localized in x 6 , x 10 . The mirror transform amounts to reinterpreting x 3 as the M-theory circle. The "magnetic" IIA picture involves n D4-branes wrapped around a T 2 with coordinates x 6 , x 10 , and k D4 ′ -branes localized at points of this T 2 (see Figure 1 ). This way of thinking about the mirror transform allows one to see some facts about the "magnetic" theory more easily. For example, consider the "magnetic" Wilson line on the worldvolume of D4-branes around a puncture created by a D4
′ -brane. What is its analogue in the "electric" theory? The Wilson line around the puncture can be alternatively computed as the holonomy around the composite contour shown in Figure 2 . In the M-theory language, the Wilson line on the D4-brane along each component of this contour is interpreted as a flux of B-field through an appropriate two-cycle. In the case of the contours shown in Figure 2 each two-cycle is a T 2 parametrized by x 3 , x 10 . Now to go back to the "electric" picture we reinterpret x 10 as the M-theory circle. Then each of the two-cycles becomes a contour going around x 3 , one of them to the left of the NS5-brane, another one to the right of it. Thus the "magnetic" Wilson line around the puncture is mapped to the jump of the "electric" Wilson lines around x 3 as one traverses the NS5-brane. Actually, in an ordinary compactification from d = 4 to d = 3 we do not allow for such jumps of the "electric" Wilson line. This corresponds to the "magnetic" Wilson line around the puncture being trivial. This will play an important role in the discussion of the next section. One can consider more general compactifications where the "electric" Wilson line jumps at the locations of the NS5-branes. These jumps are then the additional parameters of the compactified theory. However, since we are mainly interested the d = 4 theory, we will only consider the usual compactification with no jumps.
The advantage of the "magnetic" description is obvious: the Higgs branch cannot receive string loop corrections [9] , and therefore can be computed classically. A question may arise how a classical computation on the "magnetic" side manages to capture quantum effects on the "electric" side. The reason is that the classical answer depends nontrivially onτ , the modular parameter of T 2 . We have seen that it is given byτ = L/λ, which coincides with the effective four-dimensional gauge coupling of the "electric" theory. The metric on the Higgs branch will remember aboutτ as long as we treat the "magnetic" theory as a five-dimensional theory with three-dimensional impurities, and do not reduce it to three dimensions.
In the limit R → 0, when the "electric" theory becomes truly threedimensional, our mirror transform reduces to that discussed in Refs. [11, 12] . Indeed, suppose we take R → 0 keeping the d = 3 gauge coupling LR/λ fixed.
The "electric" theory reduces in this limit to a d = 3, N = 4 theory with the same gauge group and matter content as in d = 4. To see what happens on the "magnetic" side, notice thatR/L = λ/L → 0. This means that the T 2 of the impurity theory becomes very "thin" in the x 3 direction. Then it is helpful to perform T-duality on
. According to Refs. [11, 12] this setup produces the right "magnetic" theory.
Solution of the Models

The Higgs Branch of the Impurity Theory
In this section we analyze the Higgs branch of the "magnetic" theory. The D-flatness conditions for an equivalent impurity model have been derived in Ref. [13] . (Our model is related to that considered in section 2.3 of Ref. [13] by T-duality on x 1 , x 2 .) The result is that the Higgs branch is given by the moduli space of solutions of the following partial differential equations on T 2 :
Here
, Φ z is a complex adjoint-valued 1-form, and Q α ,Q α , α = 1, . . . , k are complex variables. It is understood that A z = −A † z . The objects appearing in these equations have a transparent meaning: A is part of the gauge field living on the worldvolume of D4-branes, Φ z is the adjoint field parametrizing the motion of the D4-branes in the directions parallel to D4 ′ -branes (x 4 and x 5 ), while (Q α ,Q α ) make up the fundamental hypermultiplet localized at the α th impurity. In the absence of impurity terms, Eqs. (1) are known as Hitchin equations. Hitchin equations are self-duality equations reduced to two dimensions. The effect of the impurity terms is to introduce poles for Φ z and A z at z = z α , α = 1, . . . , k. The residues are not fixed; rather they are determined by the VEVs of the fundamentals.
As usual in N = 2 theories, D-flatness conditions can be thought of as moment map equations for a hyperkähler quotient [13] . In this case the group G is infinite-dimensional: it is a group of smooth maps T 2 → U(n). It acts on a space Y consisting of all sets of the form (A z , Φ z , Q 1 ,Q 1 , . . . , Q k ,Q k ). The space Y is an infinite-dimensional affine space with a natural hyperkähler structure. An element g(z) ∈ G acts on Y in the following manner:
A short computation reveals that the submanifold in Y defined by Eqs. (1) is precisely the zero level of the moment map for G. Thus the moduli space of Eqs. (1) is the hyperkähler quotient of Y with respect to G at zero level. A formal application of the theorem of Hitchin, Karlhede, Lindström and Roček [14] tells us that X has a natural hyperkähler metric inherited from that on Y . This is a formal statement, because Y is infinite-dimensional, and the questions of existence of various objects needed in the construction of Ref. [14] are nontrivial. As a matter of fact, one immediately sees two problems with our definition of X, due precisely to the formal character of our manipulations. First, notice that Eqs. (1) imply that Φ z and A z have simple poles at z = z α , α = 1, . . . , k, with variable residues. Therefore the variations of Φ z and A z generically have simple poles as well, and their norm is logarithmically divergent. As a consequence, some of the tangent vectors to X have infinite norm, since they correspond to zero modes of Eqs. (1) which are not normalizable on T 2 . This means that it costs an infinite amount of energy to move in these directions on X. Second, we saw in the previous section that the Wilson lines around the punctures at z = z α must be trivial. Then A z must be nonsingular at z = z α , and the first equation in Eq. (1) implies that
But this restriction is incompatible with the hyperkähler structure of X.
It is clear what the resolution should be. The residues of Φ z and A z are parameters of the theory rather than dynamical fields. The true moduli correspond to those variations which have finite norm. To identify the true moduli space one has to freeze the residues of A z and Φ z at some values, so that variations of Φ z and A z are nonsingular. Then the remaining tangent vectors will have finite norm, and the metric will be well-defined. In fact, the constraint Eq. (3) does just this, freezing the residue of A z at zero value. This eliminates some of the tangent vectors with infinite norm (the ones corresponding to variations of A z alone). Further constraints are necessary to kill the nonnormalizable tangent vectors associated with variations of Φ z . To figure out the precise form of these constraints, let us use the U(n) gauge transformations to bring all Q's andQ ′ s to the form
Eq. (3) implies that b α = 0, |a α | = |ã α |, α = 1, . . . , k. According to the second of Eqs. (1), for the residues of Φ z to be fixed one has to impose an additional constraint
where m α are complex constants. These constraints are still invariant with respect to U(n) gauge transformations which reduce to U(1) × U(n − 1) at z = z α . One can use the U(1) part of these gauge transformations to make all a α real. Then the degrees of freedom corresponding to Q's andQ's are completely frozen, and we are left with Hitchin equations for A z and Φ z with fixed residues for Φ z .
To summarize, the slice of X which does have a well-defined metric consists of solutions of the Hitchin equations
modulo the gauge group G 0 of U(n) gauge transformations which reduce to U(n − 1) at z = z α . Let us call this moduli space X 0 . The preceeding discussion shows that X 0 has a good metric, unlike X. Moreover, Eqs. (6) have the form of moment map equations for G 0 , hence the metric on X 0 is hyperkähler. Thus both problems mentioned above have been resolved. It will be shown in section 4.3 that dim X 0 = 4(kn − k + 1). This is the right dimension for the Coulomb branch of the SU(n) k × U(1) gauge theory. Recall that the gauge group is SU(n) k × U(1) and not U(n) k because, as observed in Ref. [1] , it costs an infinite amount of energy to excite the k − 1 would-be moduli corresponding to the missing U(1)'s. Consequently, the VEVs of these moduli are actually parameters of the theory, the bare masses of the bifundamentals. There is a total of k bifundamentals, but the k mass parameters satisfy a constraint
Where are these parameters in the "magnetic" description? Since we cunningly denoted the parameters in Eq. (6) with the same symbol m α , the answer should be obvious. 3 As a simple check of this identification note that the trace of the second of Eqs. (6) implies that Tr Φ is a meromorphic function with simple poles at z = z α and residues im α /2RL. Hence α m α = 0. Another check is that the U(1) R symmetry of the N = 2, d = 4 theory is realized geometrically in the brane configuration as a rotation in the x 4 , x 5 plane. Consequently, a U(1) R transformation acts on Φ by Φ → e iφ Φ, and therefore by virtue of Eqs. (6) m α → e iφ m α . This is indeed the right transformation law for hypermultiplet masses.
It remains to understand how to introduce a nonzero "global mass" α m α . On the "electric" side one needs to consider brane configurations in a nontrivial background geometry [1] . This should correspond to a certain deformation of Eqs. (6) . In fact, there is one obvious deformation: one may introduce FI terms for the gauge group G 0 on the right-hand-side of Eqs. (6), deforming them to
Here M is a complex parameter. Note that we did not introduce an FI deformation into the the first of Eqs. (8) , in agreement with our requirement that the Wilson lines around the punctures be trivial. Thus, although the FI parameter is three-component in general, in our case it has only two nonzero components (which we combined into a complex parameter M). Furthemore, we took all k FI terms to be the same; allowing them to be different does not give anything new, as one can make a change of variables in Eqs. (8) which will make them all equal [13] . Therefore we have just one complex deformation parameter M. It is natural to assume that it corresponds to the "global mass" on the "electric" side. It certainly has the right transformation properties with respect to U(1) R . The identification of M with the "global mass" is also in agreement with the general correspondence between masses in the "electric" theory and FI terms in the "magnetic" theory [9, 11, 12] . Note also that although in d = 3 the mass parameter has three real components, in a theory obtained by a straigtforward compactification from d = 4 one of the components (the so-called real mass) is zero. This agrees with the fact that our FI deformation has only two real components. But the most direct way to see how M is related to the "global mass" is to consider the trace part of Eqs. (8), and use the fact that the sum of the residues of a meromorphic function Tr Φ on a torus must be zero. Then we see that the condition k α=1 m α = 0 must be replaced by
The Decompactification Limit
So far we discussed the Coulomb branch X 0 of the SU(n) k × U(1) theory compactified on R 3 × S 1 . We showed that X 0 is given by the moduli space of U(n) Hitchin equations on a torus with k punctures with residues for Φ z of a particular kind. We now wish to decompactify S 1 , i.e. take R → ∞. The main idea here is that in the limit R → ∞ we no longer think of X 0 as the moduli space of the Coulomb branch endowed with a hyperkähler metric, but rather as the total space of the Seiberg-Witten fibration (see section 2). This amounts to picking a complex structure on X 0 in which it looks like a bundle over C r with fibers being abelian varieties of complex dimension r. 4 Once the complex structure is fixed, the three Kähler forms of X, ω 1 , ω 2 , and ω 3 , can be thought of as a (1, 1) Kähler form ω r = ω 1 and a complex symplectic form ω = ω 2 + iω 3 . Taking R → ∞ is achieved by forgetting ω r . Then X 0 becomes a complex manifold fibered by A r over C r and equipped with ω. This data provides a solution of the d = 4 theory in the manner explained in section 2. In effect, the solution of the four-dimensional theory is obtained by forgetting part of the solution of its compactified version.
The distinguished complex structure on Y is easily identified in our case: it is the complex structure which acts on z, A z , Φ z , and all Q's andQ's by multiplication by i. This follows from considering which U(1) subgroup of the three-dimensional SU(2) R symmetry survives the limit R → ∞. The corresponding complex structure on X 0 can be computed in the following (rather standard) manner: using the distingusihed complex structure on Y one can naturally split the hyperkähler moment map equations into "complex" and "real" equations, discard the real ones, and consider the solutions of the complex equations modulo the complexified gauge group. The new moduli space is identical to X 0 as a complex manifold. In mathematical terms, one sub-stitutes the holomorphic symplectic quotient for the hyperkähler quotient. This procedure is quite common in field theory: there one often treats an N = 2 theory as an N = 1 theory and uses the fact that the classical moduli space of an N = 1 theory is the space of solutions of the F-flatness conditions modulo the complexified gauge group. This allows one to avoid solving N = 1 D-flatness conditions. Of course, the remaining F-flatness conditions are nothing but the "complex" part of the N = 2 D-flatness conditions. In our case the complex equations are
As a complex manifold X 0 is the space of solutions of this equation modulo the complexified gauge group GL(n, C). More precisely, the complexfied gauge group G c 0 consists of GL(n, C) gauge transformations reducing to
Eq. (9) describes a complex integrable system, just as ordinary Hitchin equations without punctures. Indeed, consider the phase space Y which is T * M, the holomorphic cotangent bundle of the space of GL(n, C) connections on T 2 . This space is parametrized by all pairs (A z , Φ z ). T * M has a natural (complex) symplectic structure, as any cotangent bundle. This makes Y a complex integrable system. The set of all Φ z 's can be thought of as the space of action variables. Then Eq. (9) says that X 0 is a symplectic reduction of Y with respect to G c 0 . Hence X 0 has a complex symplectic structure and is also integrable.
If we set k = 1, we get the system discussed in Ref. [4] , with precisely the right residue for Φ z , except that in Ref. [4] the gauge group was restricted to be SL(n, C). This slight difference is due to the fact that we are solving a U(n) gauge theory rather than SU(n). Thus we finally see why this particular Hitchin system gives the solution of the N = 2 U(n) gauge theory with a massive adjoint hypermultiplet.
Comparison with M-theory Curves
In this section we show that for any k ≥ 1 our solution is equivalent to that obtained in Ref. [1] . We regard the T 2 of the impurity theory as an elliptic curve Σ. It was shown in section 3 that its modular parameter is the microscopic gauge coupling of the "electric" theory. Recall that a point in X 0 can be thought of as a holomorphic GL(n, C)-bundle E over Σ together with Φ, a section of K Σ ⊗ EndE, where K Σ is the canonical bundle of Σ [4] . (Simply put, Φ z is an adjoint-valued (1, 0) form). For any point (E, Φ) ∈ X 0 we consider an n-fold cover of Σ given by
where t takes values in K Σ . This gives a Riemann surface C. In our case Σ is an elliptic curve, so K Σ is trivial, and one can think of t and Φ as a complex function and an adjoint-valued field, respectively. The coefficients of the polynomial det(t − Φ) are gauge-invariant polynomials in Φ. By virtue of Hitchin equations, they are meromorphic differentials on Σ. They Poisson-commute and therefore are the action variables of the integrable system represented by X 0 . Thus we have a projection X 0 → C r , where r is the number of action variables. It will be shown in end of this section that r = kn − k + 1. The angle variables parametrize the fiber of this projection. As a matter of fact, the fiber is the Jacobian of C [4] . Indeed, given (E, Φ) and the curve C we have a natural holomorphic line bundle over C whose fiber over (t(z), z), z ∈ Σ, consists of the eigenvectors of Φ(z) with eigenvalue t(z). Conversely, given a line bundle L over C we can "project it down" to Σ and obtain a rank n holomorphic vector bundle E on Σ (in mathematical terminology, E is the direct image sheaf of L). Thus a point in X 0 can also be thought of as a curve C together with a point in the Jacobian of C. Recalling the discussion of section 2, we conclude that C is the Seiberg-Witten curve for the gauge system in question. So all we have to do is to compare C with the curve derived for the same gauge theory in Ref. [1] . This is very easy to do. The curve C is explicitly given by the equation of degree n in t:
where f i are invariant polynomials of Φ. As a consequence of Hitchin equations, f i are meromorphic functions on Σ with poles at z = p α , α = 1, . . . , k. Near z = p α Φ has a pole with residue proportional to
therefore f i has a pole of degree i there. Let r(z) be a meromorphic function on Σ with a simple pole with residue iM/(2RL) at each of p α and a simple pole with residue −ikM/(2RL) at some other point of Σ which we call p ∞ .
Let us define a new variablet = t − r(z), and rewrite Eq. (11) in terms oft:
It follows from the form of the residues of Φ that at z = p α precisely one root of this equation has a simple pole, hence the new coefficientsf i have simple poles at z = p α , α = 1, . . . , k. Also, since f i , i = 1, . . . , n were nonsingular at p ∞ , inevitablyf i has a pole of degree i at p ∞ . Now in Ref. [1] the curve for the SU(n) k ×U(1) gauge theory was specified by the following two requirements: (1) It is an n-fold cover of Σ given by Eq. (12) wheref i are meromorphic functions with simple poles at p α , α = 1, . . . , k and poles of order i at some fixed p ∞ .
(2) There is a change of variablest = t−r(z), with r being a meromorphic function with a simple pole at p ∞ , such that when the curve is expressed in terms of t, as in Eq. (11), the coefficients f i are nonsingular at p ∞ .
We see that our solution agrees with that found in Ref. [1] . This description of the complex structure of the moduli space of Hitchin equations makes it easy to show that X 0 has complex dimension 2(kn−k+1). It is sufficient to show that the space of curves C satisfying conditions (1), (2) has complex dimension kn−k+1, since the total space X 0 has dimension twice that. Since the residues of r(z) are fixed in terms of M, r(z) it determined up to an additive constant. Furthemore, the coefficientf i is a meromorphic function with k simple poles at z = p α and a pole of order i at z = p ∞ . The singular part of the Laurent expansion off i at z = p ∞ is determined by r(z), while the residues at k simple poles are free to vary. Thusf i depends on k free parameters. One exception isf 1 , since its residues are expressed in terms of mass parameters m α , while its constant part can be removed by a shift of t. Thus there is a total of k(n − 1) parameters inf i , i = 1, . . . , n. Adding a single parameter in r(z), we get a grand total of kn − k + 1 parameters, as claimed.
Discussion
In this paper we solved some finite N = 2, d = 4 theories compactified on a circle of radius R using a version of mirror symmetry. The Coulomb branch X 0 is hyperkähler manifold given by the moduli space of solutions of Hitchin equations on a torus with punctures. The modular parameter of the torus is the gauge coupling of the four-dimensional theory. Remarkably one can determine [13] the precise behavior of the Higgs field Φ at the punctures using only the familiar D-brane technology. For a gauge group of rank r X 0 looks like a 2r-dimensional torus A r of size 1/ √ R fibered over R 2r . The reason that the size of A r scales as 1/ √ R is due to the fact that the size of T 2 on which the Hitchin system lives is of order √ R, and the moduli living in A r essentially come from Wilson lines around T 2 . In the decompactification limit R → ∞ the torus A r of the Coulomb branch shrinks to zero size, and one is only interested in its complex structure, as it gives the Seiberg-Witten solution of the four-dimensional gauge theory. The complex structure is easily computed, as it is encoded in the spectral curve of the Hitchin system. This spectral curve is precisely the curve describing the geometry of the M5-brane in the approach of Ref. [1] . Thus we may say that we have a "matrix" description of these M5-brane configurations.
In this paper we only discussed elliptic models, but extension to the case of noncompact x 6 should be straightforward, provided all the beta-functions are zero. Presumably, one will obtain a Hitchin system on a cylinder with appopriate boundary conditions at infinity. Inclusion of orientifold four-planes parallel to D4-branes can also be easily accomplished. A more challenging task is to extend the method to asymptotically free theories. If the number of D4-branes jumps as one crosses the NS5-branes, the results of Ref. [13] are not directly applicable. Furthemore, although the number of D4-branes jumps, the M5-brane is still described by a single curve C which covers the (x 6 , x 10 ) cylinder a fixed number of times which is independent of x 6 [1] . From the "electric" point of view, this is explained by the bending of the NS5-branes, which provide the missing sheets of the cover. It is not clear how to incorporate this effect on the "magnetic" side.
Finally, we would like to comment on the relation of our approach to that of Ref. [15] . On the one hand, in Ref. [15] the Coulomb branch of the (compactified) U(n) k gauge theory with matter content described by the A k−1 quiver was argued to coincide with the moduli space of n U(k) instantons on R 2 × T 2 . On the other hand, we showed that this same Coulomb branch is given by the moduli space of Eqs. (1) (more precisely, the moduli space of Eqs. (6)). The two statements are equivalent, because Eqs. (1) are the Nahm transform of instanton equations on R 2 × T 2 [13] . Recall also that in Ref.
[1] D4-branes suspended between NS5-branes were described macroscopically as vortices in the worldvolume theory of NS5-branes. It is hard to make sense of this picture on the "microscopic" level, as there is no sensible theory of a nonabelian two-form potential which supposedly should describe parallel NS5-branes. Morally speaking, we showed that after a mirror transform these vortices admit a microscopic description as instantons on R 2 × T 2 .
